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Chapter 4 7

Multiple Alleles and Blood Types

The pumber of alleles at any given locus is by no meansﬁ;mﬁ
to t-ﬁfn; there conld be three, four, or more and then they e
called multiple alietes. In fact, the MN locus, the'm't;nm; be
gickle hemoglobin locus, all of whlr._!,h have heunmen o
: tipie. alleles, In his chapier, we

tend- the previous family
f:::}hﬁz of anslysis to cases of ml!!ﬁpl& all_elet_s._

The Sickle Hemoglobin Locus -~ S .d _
b number of afleles at this locus is still & matter for study,
but it has been shown definitely ere th

In addition to the normal adult hemogiohin (A} a_mi:the Em;l;ls
hemoglobin (8), there is a third, known 88 hlta_lnuglnbm_t:.fpn Cand
also considered sbnormal. A formal notation for the series

- s 3 g reasons. Tor out purpgse .
three alldles is Tib*, Hb®, Hb®, for good reas r o

. : " ite onty the superseripts A, 50,
here, we shall iformally wrs ?_,re_ the' allefes of the Hb -

with the understanding {hat ﬂlﬁ?_ 8
locus. '

is to demonatrate that they are actusily aileles, Mot dall fﬂiI:luE-n
tions have all three sileles. Allele § may be abundant,

Africen papulation that lacks C completely. A Bouth Asian-

population may have C but no 8. To prove allelism, all three

. : - ; tes. The
must be present in the same femiy which Sagm Follow-

alielism of A, 8, C1is proved by the rare occUIrence

ing types of families: “

and I_’mplﬁ,a.ﬁﬂ'ni- laws _mld' 7

that there nre ai least three. - - '

One of the main dificulties in studying multiple alleles in man
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AA — BC AR ——— AC

[ | | I

!
AB AC AA AS AC 8C

Proof of ailelism is lime-consuming when the allele in question
iz rare in the populalion, beeause weo just have to wait for the
right family with a fairly large number of children. In the hemo-

- globin case, it is fortunate that sl six genotypes {AA, AS, 85, AC,
8C, CC) ean be distinguished by dlter-paper elecirophoresis
“(see, e.g., Ranpey, 1954). Dominance greafly complicates the
task of proviep allelism. '

" For a population in which all threz olleles are present, the
genotypic proportions are given by an obviouz exiension of the
Hardy-Weinberg law, Let p, ¢,  denote the frequencies of the-
alleles 4, 8, ', respectivedy. Then the six genotypic proportions

. _are the terma of (p + ¢ + )% For example, if p = 95, ¢ = .04,

r = .01, the population will consist of:

Cemobype: -~ AL AS AC 85 SC CC Total

- Proportion: 9* 2p¢ 2 @ 2 r 100
~ Example:

;9[]_2;5- ﬂ?ﬁﬂ 0190 0016 0008 0001 1.0D
This example represents roughly the situation in American

. Negroes, When there is no dominance, the estimation of the

gene freguencies follows the szme procedure as that for ihe MM

N system, desevibed in Chap. 3. Let sas be the observed number

of AA individuals, etc., and @ the iotal pumber jn & random

_sample from the population. The estimate of the frequency of the

}lﬁ_gfﬁ][@[ﬁﬁt—i its variance are:

21, + Thaa 7'|" ag

_P:—m
Fip) = S

p= Tae

The estimaies of g and # fake the same form. The formula above
appliez to all cases without dominance. .

The frequency of the various types of mating is calculated in
the manner shown in Chap, 2. For instance,

AS X AC: freq = 2(2pg){Zpr) = 2(0TEI.01N
AA X SC: freq = 2(pH{2gr} = 2({.9625){.0008}

002,988
001,444

o
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The former type of mating is efways twice as frequent as ihe
latier, whatever the gene frequency. In our particular example,
the iolal frequency of these two types of families is only about
four per thousand. -

Suppose that & number of AA X SC families have been
observed and their total offspring consist in & individuals with

S hemoglobin end b with C hemoglobin. We may wish to lest ,

whether these numbers conform with the expected 1:1 ratio.
The ehi square for this test is, witing ¢ + b = =,
o (@ —20Y | B —1gn)? _ (e —b)
x Lin - Mm n

with one degres of freedom. Sirmilaly, if a nunsber of AS X AC

families have been observed and their total offspring eonsist in
o individuals with A hemoglohin {AA or AS or AC) and b with-
out (ie., 8C), the ¢hi square for testing the expeeted 3:1 ratio is:

: (o — 3b)*
LI . 2
,x_ dn

- with one degree of freedom, These tests for Mendelmn ratios ara -
possible only when the genotypes of both parents are known.

The ABO Blood Groups

This is probably the best-known series of multiple alleles in

man, and hence we shall not describe the antigen-antibody
relationship here because it has been so admirably explained and
ilustrated in most texthooks of general genctics and buman
genetics. The ABO locus has also three (major) alieles,  formal

- nofation for which is I#, I3, I9. Again, for the sake of simplicity,

we shall only write the superseripis A, B, O, with the locus

ideniifiestion symbol T undérstood. Now the render mey appreci-
ate why the formal notation iz necessaty: the A of the ABO
seried hes nothing to do with the A of the ASC series.

The ABO locus is more susceptible of gene frequenay analysis
or the population level than the hemoglobin locus, because ail
three alleles are usually present in all populations and none of
them is too rare. There are exceptions; for instance, some Ameri-

A
N\

Af———00)——BB
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ean Indizn aad Australian populstions have only A and O but
no B. There jis, however, a complication. Whereas all the six
genotypes of the hemoglobin serics are distinguishable, this is
not the ease with ABO. In the Iatter series, boit & and B are
dominant over O, but AB individuals have antigen A as well s
antigen B (codominant). Consequently, there are oniy four dis-
tinguishable phenotypes (i.c., blood groups). To emphasize the
symmetrical nature of the four blood groups, the six genoiypes
can be arranged in a triangular pattern, as shown in the left of
Fig. 4-1, in which the three homozygotes are at the bottom and

Faa. 4-1. Diegrammstic representation of the ABO aystem. Left: amcange-

ment of the six genctypes. Right: the gene frequencies sre represented by

- the segments of the base, and the genotypis propartions are represented by

the arces of triangles aud persllelograms.

'eacrh heterosygote is at the vertex of a triangie with the two
corresponding homozygotes at its base. To have quantitative

~ representation of the genotypic proportions, an equilateral tri-

angle may be drawn with the base subdivided into three seg-

" ments proportionat in length to p:r:g. From such points of

segmentation, Jines parallel to both sides are drawn. The result-
ing areas of the three equilateral triangles on the base repre-
seni the frequencies of the three homozygotes (ps2g?), and
the three parallelograms represent the three heterozygotes
{(2p7,2pq,2gr). The combined nrea of AA and AQ represents the
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of group A snd, similarly, BB and BO represent

group B. .
For ease of drawing, it is _
r = 00, g= .20, roughly representin

aseymed in Fig. 4-1 that p = 20,
g the situation of an Asian

population with compoaratively high B frequency. In & Western
Furopean population the gene frequencies are roughly p= 30,
r = .60, ¢ = .10. The difference in the values of p and g is more
pronounced than that in r. In either case, & glance at the tri-

angular dizgram showa that most of the individusls of groups A

and B arc heterozygotes on

allele 0. . L
The symmetrical nature of the four blood groups immediately

suggests a method of estimating the geve frequencies from
observed number of individuals. Since the area A = p* -+ 2pr
in the disgram represents the proportion of group A indi_lri:_iuals,
and aren B = ¢* + 2gr represents that of group 13 individuals,
cte., we may write: o o L
B40=(g+n VBEO=g¥7 1-+vBF+0=p
A+O={p+rr VEFO=ptr 1-+vA+0=

o 0=n A0 =1 A/f0=r

FHumerical estimates are 7
As an example, the date of pn Towa stw
1956) muy be cited: ,

AB, 61 A, 612 B ‘147 0, 743  Total, 1,623
systﬂmatically a.acnrd_ing' :

Tt ia desirable to i}erfurm the arithmetic

Taone 4-1. Trew EsTIMATIOR OF ARD GeRE Fnﬁmummm
. rpost 1,623 Inptvipwals I8 Towa

aceount of ﬁ;e high irequency of -

Lased on these theoretical relations. '
dy {DBuckwalter et al.,

Fira | Adjusting | AdjwereZ | "oy

Blond |Okucrsed] PP L o /Frogortion eatimale fredor satimate

group | number | HoR

B407 800 ] 0.E4E4 | O.TOE 2605 = ¢
-y 30| 18| 5718 L9337 063 = o} .0BE | .00BE=a .1:;::
o| 7] -457B .B708 g7aG = | Beotext | CT8=r].

1.0024

Tolal. .} 1,623 [ eeeres |  ==ro-- . 1.m_m_

Siand-

6088 3502 - p| 00B3
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to the algehraic expressions shown above. The details sre given
in Table 4-1. ‘The first five columas of Table 4-1 need no explano-

tion, except to note that the sum of the first estimates ia 1.0024
instead of unity. Apparently ench estimate should be diminished
slightly se they would add up to unity. Let d = 0024, the devia-

tion from unity. The adjusting factor forp" and g"is ¢ .
, 1— 14d =1 — 0012 = 9988
go the adjusted estimate : )
| p =gl %) = 2505 X 9988 = 2502
. The adjustment for o a litle different, being:
r = (' — KL — Yd) = (6T54)(.9988) ~ 6746
The adjaated estimates now add up to unity. If they do not, a

‘secomd round of adjustment may be performed but usually this

is umnecessary. The adjustment method is due to Bernstein

(1930). For sll practical parposes, the adjusted estimaies may

be sceepted 2o the maximum likelihood selutions (Stevens, 1938).
‘Let us recsll that, if allele A were dominant over sll -other

alletes, the variance of the estimate of its frequency would be:

g, ¢ _ (2OD(7408) | (2692) MO
Yy =Bt g =" onmn | 4(168)
N L =950 X T

The first component, p(1 — p)/20, represents the variance when
there is o domingnce and the number of slleles in & sample is
keown; therefore, it is the mrinimum varisoce of any sample
ostimate. Now, the A in ihe ABO system is like s compiete

- dominant sliele most of the time, except in genotype AB, which

consists of 3.76 per cent of the individuals in cur ssmple. The
variance of p (maximum likelihood solution) 35 slightly smaller
than the one indicated above, being {DeGroot, 1056; 1i, 1956h) :

_pt—m B r Y.
v = 2= 4 P14 )

: gl—g ¢ r
Y@ =" +E(1+m+r)
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The factor #/(pg -+ r) is equal to 0.9752 in our exsmple, 80
¥ip) =69.37 X 10-* and V(g) = 19.71 X 10" In most human
populafions the vilue of r/(pg + 7} is larger than .20 and in
many cases larger thas .85, s0 the approximate and exach expres-
sions for vasiance dilier only very slightly, aa illustrated by our
example. The varinnce of ris: ' '

Cel-n) , G= e g
F¥ir)= o +--——-—'BG +—_*———EG{pg+r) = T8.58 x 102

" *Ihe square root of the varisnce is given in the lnst columa of

Table d-1. _ : , __
~ The frequencies of various types of mnting and their ofispring,
of mother-child combinations, and of sib-sib peirs have sil
been given in detail elsewhere (Li, 19552, Chap. 4). The tradi-
tional method of arriving at those results is long end tedious,
but they can be achieved at one step by the ITO method ex-

plnined in Chap. 3.

Subgroups of A , . :
The major allele A consigis of two alleles A, and A, the former
being dominant to the latier. Let py and p; denote the frequency
of Ay and Ay, 80 that p = P+ P2 is the frequency of A. As an
exereige, the reader may arrange the ten genotypes into & tri-
angular pattera with the four homozygotes (Aihy, Al 00, BB}
at the base and draw s corresponding equilateral triangle to
represent the genotypic proportions in exactly the same mapser

" as shown in Fig. 4-1. He will then find that the six phenotypes

‘have the following frequencies:
- AB AB B (BB -+ BO}
2pg 2oy o+ 2o
Ax {Ashs + AaBe + AD) | Ae (Ashs 4 A0} O (00} :
o} 4 2psp: T 2pr P+ 2 ” o+
75 +2pale 4 1) @+
pte

A8+ As+ B 40| 2ur |.6200] ress 2000 w g [1.0035] 2076 =

-~ 2t

MULTIFLE ALLELES ARD BLOGD TYPES * - Bl

Note that B and O groups remain the same; AB and A are each
split into two subgroups: a

A =A, +A =(@mtpa+2Amt poyr = ¢+ 2pr

‘The symmetrical nature still remains; hence the method of
- gstimating the gene frequencies follows the same general pro-

cedure as in the case of three alleles. Tgnoring the subgroups, we
may estimate p; and pooling A:B + As and B+ 0, we may
estimate p.. Then p: is obtained by subiraction. In brief,
the cstimation is based on the following Lheoretical reiations

_(Mnurant, 1954, p- 219):
pm=i-vEB+AL+BF0 ]
P==ﬁgB+A:+B+U—-‘VB-]—_U p=1-—‘\.~"Br+U
: a o g=1—+A+0
I r =0 7 :
Table 4-2 gives & numerical example, The first five columns (up to
first estimates} are done according to the a}lgebraic expressions

TauLE 4-2. Taxn Esrmamon OF A.Agﬁ{} {ienE FREQUERCIES
T i

 Same AB 4 .AB 2 B 2] 3

A 124 A 2B 0O 160 | 310
128 - 2B 189 345
Stand-
Nurm-| o Firal Adj. Adj.
Group - |Tg, |FrOR|V ProP. | pupismate | focior|  estimale :-:r

01653

B +o0| 180 | .5ev8} 74m | 0530 = p 10035 053z =m
A+0} a0 |.6os| 9ere |.ps2bo= ¢ p1.0RS 0533 =g .0UBE

o| so0 |.4638] 651D LEBLD e T ]l LGB = D1
: S
Telel. . oooccnannns ME feaaer] v . 0030 Sean 1.0GH

ahove; for instance, 7} = 7931 — 7401 = 0530 The sum
of thess first estimates is ~9930; s deviation from unity is
d = 9030 — 1 = ~.0070. Bach estimate chould be increased-

=
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shightly so they will add up o unity. The method of adjustment
is the same a8 before; thus,_. ,

2y = pi{l — 34d) = 2089 X 1.0035 = .2076

etc., gnd: _
r = (' — ¥d)(1 — M4dy = 6845 X 1.0035 = 6869

The adjusted estimates now add up to unity and for all practical

purposes may be regarded as the maximum likelikood solutions.

The variaace of p, is obtained by substituting pi for p in the

previous formula: - : , o

BT TS T

g+t

while ther'expressinns for V(q]- aod ¥{r) remain the same &8

before with p = p1 + P+ The only problem is ¥ips), because . .

allele A, is recessive to A, but behaves like the ordinary A of the

‘three-sllele case to B and O. The author finds the following

expression quite satisfactory:

y _ Pl — i) pi ( r 7
V{p’]'—-ﬂfr‘(_l—m}-i_ﬁf?{l-p t 1+p=q+r) .

It is the same formula for V'(p), except that 2¢? is multiplied by
(1 ~ p1) in the first component and 8(F is multiplied by {1 — pJ*

i the second component. The numerical values are 88 follows, -

and the reader is urged to perform the s.r_ithmeﬁiu_himaeﬂ.r

Fipd = 2.604 X 10 ¥(ps) = 0.954 X 10~
V() = 0738 X 10~ V() = 3.627 X 10+

The standard errors are given in the last column of Table 4-2.
‘The method of adjustment gnd the variance formula for the

- "A;ABO system described in this section do not seem to have

been fully investigated by biometricians. The estimsates gnd their

variences obtained for this example are identical {within the

fimit of rounding-off errors) with those obtained by Stevens
. (1938): through the formal procedure of maximum Kkelihood.

. method: '

MULTIPLE ALLELE3 AND ALOOD TEPE3J “ T 53

The MNS System

The two-sllele MN system has been mentioned several times
in eatlier ehepters. In fact, this locus also has & series of multiple
alleies. The three genolypes (MM, MN, NN) are distinguished
by anti-M and anti-N sera. If a third type of serum (anti-S) is
used, each penctype may be further identified as 5 positive or
B negntive. Each of the mezjor allelea M and N consists of two
slieles (analogous €0 A = A, -} A}, one yielding S-positive
reaction and one S-negative. Thess four alieles may be designated
by M3, Ms, N5, Ns and their respective frequencies by my, m,,

" 9tz, g, S0 M = miy - wi; is the (requency of the major allele M

and % = %, 4 s i the frequency of N. Furthermore, the alleles
MS snd NS are dominant o Ms and Ns with respect to the
8 reaction (but there is no dominance with respect to the MN
reections). Hence, with respect to the B resction, 8 = m, + #n,
is the total frequency of the recessive alleles Ms and Ns. The

situation may be summarized as follows: - Co '

M3 N8 = ﬂ‘l1+ﬁl=1—-s

HB My 'Nﬂ_ﬂg -m|+ﬂ|= .'ﬂ‘

M w N =n - 100

On account of the dominsnee in S reaction, there are only six
phenotypes, because each of the M, MN, N types is subdivided
into S positive snd negative. In the upper portion of Table 4-3
are the theoretical proportions of the six phenotypea (MS, ete.) -
and general notetion for observed numbers (D, ete.); in the
fower portion i3 & numerical example showing- the arithmetic

~ procedure of estimating the gene frequencies, The frequencies of

the major slfleles M and N are estimated first by the usual

2G‘l'l' R=G1+2'G|



